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Abstract. We propose a simple approach to approximating the speed of
invasion in lattice population models. Approximate critical parameter values
for successful invasion are then found by solving for zero wave speed. The
approximation is based on describing the occupied region by the ordinary
pair approximation, and using quasi-steady-state pair approximations to
describe the leading edge of the wave front. We illustrate this idea using the
basic contact process on the 1 and 2 dimensional lattice (with and without
nearest-neighbor migration), finding very good agreement between the ap-
proximation and simulation results. The approximate critical values obtained
by our approximation are significantly more accurate than those obtained by
the ordinary pair approximation.

Key words: Invasion — Lattice model — Pair approximation — Wave speed —
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1 Introduction

Discrete spatial population models (variously called lattice models, inter-
acting particle systems, contact processes, and stochastic cellular automata)
are attracting increasing attention from theoretical ecologists. These models
track the spatial locations of discrete individuals over a regular lattice of sites,
with individuals categorized into a small number of classes (e.g., by species).
This level of detail sacrifices some generality relative to a fully individual-
based model with continuous space, but yields some analytic tractability.
Lattice models therefore provide an attractive framework for studying the
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relationships between spatially localized interactions and overall population
or evolutionary dynamics. If the movement rate of individuals is not rapid
enough to allow mean-field or other rapid-mixing approximations, the dy-
namics observed in lattice models may be qualitatively different from the
dynamics of spatially averaged or less detailed spatial models (e.g., Wilson et
al. 1993; Durrett and Levin 1994a, b). Recent examples include spatial exten-
sions of Lotka-Volterra models, models for the evolution of altruism, single-
species populations of plants with multiple modes of reproduction, and
host-pathogen interactions (e.g., de Roos et al. 1991; Hassell et al. 1991; May
and Nowak 1992; Matsuda et al. 1992; Sato6 et al. 1994; McCauley et al. 1993;
Wilson et al. 1993; Harada et al. 1995; Rhodes and Anderson 1996).

In this paper we present a simple approach to approximating the speed of
invasion in lattice models, i.e., the rate of spread for an organism invading
a previously unoccupied region of habitat. Invasion speed is relevant for many
applied problems, including the spread of pests such as gypsy moth and exotic
plants, the spatial dynamics of infectious disease epidemics, and the potential
for generally engineered microbes to invade natural ecosystems. Reaction-
diffusion models (and more recently, integrodifference equation models) have
been the main analytic framework for modeling spatial spread. The popularity
of these models is due in large part to the well-developed mathematical theory
that makes it possible to determine the asymptotic speed of an invasion wave.
Similar results for lattice models have not been available. However, because
the diffusion and integrodifference models are framed in terms of population
densities rather than discrete individuals, they omit a potentially important
source of variability in spatial redistribution. A lattice model may therefore be
more appropriate for predicting the course of invasion and spread for organ-
isms with localized interactions and net lifetime movements on a scale compa-
rable to the interaction neighborhood.

Our approach here is to use the location of the ‘‘front runner’’ — the
furthest-ahead currently occupied site — to define the leading edge of the
wave front (as in Durrett 1988), and then develop random-walk approxima-
tions to the transition probability for the location of the front runner.
The approximate wave speed is then the mean drift rate of the approximating
random walk.

The step size distribution for the front runner (e.g., the size distribution of
backward moves given that one occurs) depends on the state of the process in
the occupied region behind the wave front. To calculate these distributions
approximately, we use equilibrium local densities from the ordinary pair
approximation (OPA, Matsuda et al. 1992) to describe the probability distri-
bution of the occupied region behind the front runner. For that reason we call
this method the pair-edge approximation (PEA). The heuristic description of
the wave front underlying the approximation is shown in Fig. 1. The use of
OPA limits our results to parameter values for which OPA is accurate, but the
approach should be useful whenever an approximation to the local correla-
tion structure is available. Hiebeler (1997) describes generalizations of the
pair approximation that account for longer-range correlations, and other
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Fig. 1. The basic contact process in one dimension, and the heuristics underlying the
pair-edge approximation. Invasion wave speed is obtained by tracking the location of the
‘‘front runner’’ to define the wavefront separating an already occupied region from an empty
region. Behind the wavefront we use the ordinary pair approximation (OPA) to describe the
probability distribution of lattice states. The wavefront is assumed to be a transition region
of width exactly 1, and is described by modified pair approximations described in the text

moment-closure approximations have been developed (Bolker and Pacala,
unpublished).

We develop and illustrate the method using the basic contact process (with
and without nearest-neighbor migration) for which all the necessary OPA
calculations have already been done, but the same procedure is applicable to
any lattice models for which the OPA is feasible. Once the OPA dynamic
equations have been derived and solved for equilibrium densities, very little
additional calculation is required to obtain the approximate wave speed.

2 One-dimensional lattice

To explain the approach we consider first the basic contact process (e.g.,
Durrett 1988). Sites are either occupied (1) or vacant (0). Each occupied site
becomes vacant (‘‘dies’’) at rate d'0, and gives ‘birth’’ to new offspring at rate
b'0. Offspring are sent to a nearest-neighbor site chosen at random, without
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regard to whether or not the site is occupied. A vacant cell that receives one or
more new offspring becomes occupied.

Without loss of generality we rescale time so that d"1, and all rates
(including the invasion wave speed) will be expressed in this time scale. We use
z to denote the number of nearest neighbors (z"2 in one dimension, z"4,
6 or 8 in two dimensions), and define b"b/z to simplify expressions below.

We imagine a wave of invasion from left to right, i.e., the set M j(0: site j is
occupiedN is infinite while the set M j'0: site j is occupiedN is finite. Let X(t) be
the location at time t of the ‘‘front runner’’, X (t)"supM j: site j is occupied at
time tN. The wave jumps forward to X (t)#1 if the front runner sends a
birth to the right, which occurs at rate b. Backward moves occur at rate 1 (the
death rate), and the wave front jumps back to the location of the ‘‘second
runner,’’ x (t)"supM j(X (t): site j is occupied at time tN. Let d denote the
distance of the backwards move. We can then view X(t) as (approximately)
a random walk with mean step size b!E (d), which is thus the approximate
wave speed.

To complete the calculation we need the distribution of d. For this we use
the Ordinary Pair Approximation (OPA, Matsuda et al. 1992). The OPA is
a decoupling method that takes account of correlations between nearest
neighbor sites but neglects correlations at any larger distance, making it
possible to obtain a closed set of moment equations. These describe the
changes over time in the proportion of occupied sites and the local densities
o
i@j
"ProbMneighbor state is i Dsite state is jN, for a randomly chosen site

whose state is j, and a randomly chosen nearest neighbor of that site, i,
j3M0, 1N. We use q

i@j
to denote the stationary (tPR) values for o

i@j
that are

obtained from the OPA.
Using the OPA to describe the region behind the front runner, it is then

easy to compute the mean of d. The event d71 occurs with probability 1.
d72 occurs if the site behind the front runner is unoccupied, which has
probability q

0@1
according to OPA. Similarly

PrMd73NGq
0@1

q
0@0

(1)
PrMd74NGq

0@1
(q

0@0
)2

and so on, giving E(d)"1#q
0@1

/(1!q
0@0

). Thus the approximate wave
speed is

l
1
Gb!(1#q

0@1
/(1!q

0@0
)) , (2)

where

q
0@1

"1/bz, q
0@0

"1/b(z!1) (3)

are the OPA values of the steady-state local densities (e.g., Matsuda et al.
1992).

Figure 2 shows close agreement between the approximate wave speed
l
1

and the computed wave speed in simulations of the process on a large (but
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Fig. 2. Invasion wave speed for the basic contact process in one dimension, as a function of
the scaled birth rate b. Here, as in the text, time has been re-scaled so that the death rate
d"1. The curve represents the prediction from the pair-edge approximation, and the dots
are simulation results. Negative or zero speeds corresponds to the population going to
extinction, hence the intersection of the curve with the horizontal axis gives the threshold
birth rate for persistence. In the simulations the continuous-time process was approximated
by using discrete time with time step *t"0.01. Simulations started with all sites below
position k6K occupied and all sites above K empty, and the speed was estimated from the
position k

501
(¹ ) of the front runner at time ¹"10 000 as v"(k

501
(¹)!K)/¹. The esti-

mated wave speeds for 5 independent runs are overplotted for each parameter value

of course finite) one dimensional lattice. The value of b at which the PEA wave
speed l

1
becomes negative provides an approximation to the critical value for

persistence of the population. It is known that the critical value is approxim-
ately b

c
G1.65 for the basic contact process in one dimension (Katori and

Konno 1990, 1991; Sato6 et al. 1994). The pair-edge approximation gives

1#1/J2G1.71, which compares very favorably to the approximate critical
values derived from the mean field and pair approximations, b

c
(MF)"0.5,

b
c
(PA)"1.0, respectively (Matsuda et al. 1992).

3 Two-dimensional lattice

The situation becomes more complicated in two dimensions because there can
be ties for front runner. This means that there are multiple sites where a birth
can advance the leading edge, and that a front runner can die without the edge
retreating. Thus an exact calculation would have to take account of the shape
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Fig. 3. Invasion wave speed for basic contact process on two-dimensional lattice of infinite
width and finite height, with time re-scaled so that d"1. Simulated wave speeds are
compared for varying number of rows in the lattice from 1 to 10, with (scaled) birth rate
b"2.0. Simulation procedures were as described in the Fig. 2 legend. Periodic boundary
conditions were used for the vertical direction. The initial configuration was that all sites
(i, j ) with i6K were occupied, and all other sites were empty

of the wave front as well as its location. However an approximation calcu-
lation is still possible, based on the approximation 3GR. By this we mean
that the wave speed in a two-dimensional lattice with only 3 rows can be
a good approximation to the wave speed of a doubly infinite two-dimensional
lattice (Fig. 3). Based on this observation, we focus on the front runner on
a horizontal strip and mimic the one-dimensional calculations, but we take
into account the two vertically adjacent rows. In effect we imagine the leading
edge as consisting of a sequence of height-3 strips advancing at the same long
term average rate, so we can track the front even though we ‘‘pay attention’’ to
only one such strip at a time. However we still use the OPA local densities for
the doubly infinite lattice to approximate the occupied region. The approxim-
ate wave speed is consequently even more accurate than the simulation results
in Fig. 3 might suggest.

The image of strips advancing in parallel suggests a more refined approxi-
mation, which is to treat the 3-strip as a torus (top and bottom are adjacent),
in order to mimic the impact of the adjacent 3-strips. However, the calcu-
lations become much more involved and the accuracy is not greatly improved,
so we do not pursue this refinement here.
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To approximate the probability of a step forward, we assume that this
can be taken either by the front runner, or by a tied runner one row up or
down if those sites are occupied. It is therefore necessary to approximate the
probability of occupancy for the sites one up and down. We consider two
approximations. The first is given by the quasi-steady-state local density
qJ
1@1

that holds when the global density of occupied sites is near zero (see
the Appendix for a description of how qJ

1@1
is derived). We refer to this as

the growing-phase pair approximation (GPA) because it applies during the
initial phase of population growth from a near-zero global density of occupied
sites. The approximate rate of forward steps is then b#2bqJ

1@1
for z"4

neighbors (von Neumann neighborhood), and 3b#6bqJ
1@1

for z"8 (Moore
neighborhood).

The second approximation assumes that the front runner sits on a
sharp and straight boundary between empty space to the right, and
occupied space to the left in which the lattice has converged to its steady-
state distribution. The local correlations near the front runner are therefore
approximated by the quasi-steady-state local density QI

1@1
that holds in

the pair approximation if the global density of occupied sites is held at half
its steady-state value (see the Appendix). We refer to this as the ‘‘look
both ways’’ (LBW) approximation. The LBW approximate rate of forward
steps is b#2bQI

1@1
for z"4, and 3b#6bQI

1@1
for z"8 (Moore neighbor-

hood).
The fundamental difference between the GPA and LBW approximations is

in their assumptions about the nature of the wave front in the neighborhood
of the focal front runner. The GPA approximation pretends that the neighbor-
hood of the front runner is an isolated pocket of growth in an otherwise empty
lattice. As a result it is unduly pessimistic as to the probability of finding
additional occupied sites near the front runner. We thus expect GPA to
over-estimate the probability of backward moves and therefore to under-
estimate the wave speed. LBW pretends that the transition from zero density
to steady-state is already complete one column back from the wave front. This
is unduly optimistic about the occupied site density near the front, so LBW is
expected to under-estimate the probability of backward moves. LBW still
might not over-estimate the wave speed, because like GPA it is based on the
‘‘3"R’’ approximation.

A backwards move occurs in the three-strip if the front runner dies and
the adjacent sites up and down are both vacant; thus steps back occur at
rate (1!qJ

1@1
)2 (GPA), and (1!QI

1@1
)2 (LBW). The backwards move

distance d is approximated as in the one-dimensional case, using OPA local
densities conditional on the configuration of the lead column at the movement
of death, i.e. [0, 1,0]T. d71 is certain, and d72 occurs if all three sites
behind the lead row are vacant, which has probability approximately
q
0@1

(q
0@0

)2. Similarly

Pr(d73)Gq
0@1

(q
0@0

)2(q
0@0

)3
(4)

Pr(d74)Gq
0@1

(q
0@0

)2(q
0@0

)6
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and so on, giving
E(d)"1#

q
0@1

(q
0@0

)2

1!(q
0@0

)3
(5)

The approximate wave speeds using GPA are therefore

l
2
Gb#2bqJ

1@1
!(1!qJ

1@1
)2A1#

q
0@1

(q
0@0

)2

1!(q
0@0

)3B (6a)

for z"4, and

l
2
G3b#6bqJ

1@1
!(1!qJ

1@1
)2A1#

q
0@1

(q
0@0

)2

1!(q
0@0

)3B (6b)

Fig. 4. Invasion wave speed for basic contact process on two-dimensional lattice, with
z"4 or z"8 nearest neighbors (Von Neumann and Moore neighborhoods). The curves
represent the GPA and LBW pair-edge approximations, and the dots show simulation
results for a two-dimensional lattice with height 40 for z"4, 100 for z"8. Periodic
boundary conditions were used in the vertical direction, so that these lattice heights are
adequate to approximate the wave speed for a doubly infinite lattice. Simulation procedures
as in Fig. 2 legend with K"10, except that *t"0.001, and the wave speed was computed
as (k

501
(25 000)!k

501
(5000)/20 000
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for z"8, where q
0@1

, q
0@0

are again given by equation (3). The LBW wave
speeds are given by the same formulas with QI

1@1
in place of qJ

1@1
. Recall that

the values of all the local densities in (6) depend on the value of z.
Figure 4 shows the comparison between equation (6) and simulation

results for z"4 and z"8. For these models the wave front is in fact rather
sharp (Fig. 5), and as a result LBW provides an accurate approximation over
the range of parameters examined. As in the one-dimensional case, the
pair-edge approximation improves on the ordinary pair approximation for
determining the conditions under which the population will persist and
spread. For z"4 the true value of the critical scaled birth rate for persistence
is known to be approximately b

c
G0.41, and our approximation gives b

c
G0.43

(¸B¼), 0.47 (GPA), whereas the mean field and ordinary pair approximations
give b

c
(MF)"0.25, b

c
(PA)"1/3.

Fig. 5. Simulations of invasion with z"4 or z"8 nearest neighbors. The panels show the
state of the lattice (black"occupied, white"vacant) at times 1000, 2000, 3000, and 4000.
Simulation procedures as in Fig. 4, with parameters chosen to give roughly equal wave
speeds for the 4-neighbor and 8-neighbor simulations
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Table 1. Simulation results on the accuracy of the pair-edge approximation for the condi-
tional probabilities used to compute the lattice wave speed. The basic contact process was
simulated over a range of birth rates (with death rate 0.001 per time step) on a 25 row by 500
column lattice. Top and bottom had wrap-around boundary conditions; the left and right
edges were treated as being adjacent to permanently empty columns (all 0s in ‘‘column 0’’
and ‘‘column 501’’). The lattice was initialized with all sites in the first 10 rows occupied, all
other sites empty, and run for a total of 50 000 time units. After an initial 5000 time units, the
simulation was halted each 25 time units, and a row was chosen at random. For the
furthest-right occupied site in that row, the state of the site to its immediate left, and of a site
immediately above or below it (chosen at random) was recorded. The overall frequencies of
occupied vs. empty sites of each type were used to estimate the conditional probabilities
q
1@1

and QI
1@1

that are the basis for the LBW approximate wave speed (unless the birth rate is
near-critical, the fallback distance d is nearly always 1 or 2, so the mean of d essentially
depends only on q

1@1
for a row-leading 1)

b/d q
1@1

QI
1@1

Simulation LBW edge-pair Simulation LBW edge-pair

2 0.44 0.40 0.53 0.50
4 0.57 0.56 0.72 0.75
6 0.62 0.62 0.79 0.83
8 0.63 0.66 0.82 0.88

10 0.65 0.68 0.86 0.90

It can be shown (R. Durrett, personal communication) that the simple
3-strip expression in equation (6) gives a strict under-estimate of the wave
speed, while pair approximation over-estimates the density of occupied sites
(which would lead to an over-estimate of the wave speed). This raises the
possibility that the pair-edge approximation is accurate only by a happen-
stance cancellation of opposing large errors (R. Durrett, colloquium inter-
ruption). Simulation results show that this is not the case (Table 1). The errors
due to the use of pair approximations near the wave front are quite small,
and thus cannot be canceling putative large errors resulting from the 3-strip
approximation.

4 Nearest-neighbor migration in one and two dimensions

As a second example, we consider the contact process with nearest neighbor
migration (e.g., Matsuda et al. 1992; Harada et al. 1995). This model has the
same birth and death rates as in the basic contact process, and also allows an
individual to migrate into an unoccupied neighboring site, leaving vacant the
site that it left. We define k"m/z to be the rate of migration events for each
(1, 0) neighbor pair (i.e., an occupied site with an unoccupied neighbor site),
which changes state to (0, 1) when migration occurs.

The calculations for the one-dimensional lattice are simple extensions of
those for the basic contact process. The only difference is that forward or
backward moves of size 1 can also occur due to migration. Forward moves
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occur at rate k, but backward moves only occur if the site behind the front
runner is vacant. As before we approximate the probability that the site
behind is vacant by the OPA equilibrium value of q

0@1
, so the rate of

backward moves by migration is approximately kq
0@1

. Adding these to the
rates for basic contact process we have predicted wave speed

l
1,m

Gb#k(1!q
0@1

)!(1#q
0@1

/(1!q
0@0

)) (7)

for the one-dimensional lattice.
In two dimensions, we again have to account for the possibility of forward

migration from sites above and below the focal lead runner, and for the
occasions when the front runner migrates back but the wave front location is
unchanged because a site above or below is occupied. The predicted wave

Fig. 6. Invasion wave speed for the contact process with migration on the one-dimensional
lattice. The curves show the pair-edge approximation and the circles are simulation results.
Simulation procedures were as described in Fig. 2 legend. The scaled migration rate m is 2.0
in the upper panel, and 0.5 in the lower panel
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Fig. 7. Invasion wave speed for contact process with migration on the two-dimensional
infinite lattice. The curves show GPA and LBW pair-edge approximations, and the open
squares are simulation results. Simulation procedures were the same as those in Fig. 4. The
scaled migration rate m is 2.0 in the upper panel, and 0.5 in the lower panel

speed is therefore equation (6) with added terms to account for wave front
moves due to migration. The GPA approximate wave speeds are

l
2,m

G(b#k)(1#2qJ
1@1

)!(1!qJ
1@1

)2 Ak#1#
q
0@1

(q
0@0

)2

1!(q
0@0

)3B , (8a)

and z"4, and

l
2,m

G(b#k) (3#6qJ
1@1

)!(1!qJ
1@1

)2 A3k#1#
q
0@1

(q
0@0

)2

1!(q
0@0

)3B (8b)

for z"8; as before, using QI
1@1

in place of qJ
1@1

gives the LBW approximate
wave speed. The steady-state OPA local densities for this case are

q
0@1

"1/b, q
0@0

"

(z!1)m#zb

(z!1)b(m#b)
(9)
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and the derivation of the quasi-steady-state local densities is described in the
Appendix.

Figures 6 and 7 show that the approximate wave speeds remain fairly
accurate for this model. Despite the blurring of the wave front that would be
expected to result from the migration events, the wave speed is still closer to
LBW than to GPA.

5 Discussion

Stochastic lattice models are growing in popularity as a framework for
spatially structured populations. In many cases, however, analytical results
about the behavior of the model are not available and are not easily obtained,
and the models are then mainly studied by simulation.

The main contribution of this paper is to propose a simple way to derive
explicit analytic approximations to the speed of invasion in a class of lattice
population models. Most of the work is in deriving the pair approximation
moment equations for the model at hand and finding their steady states. Once
that is done, expressions for the approximate wave speed (analogous to
equations (2), (6), (7) or (8)) can be worked out in minutes. In addition, our
approach appears to improve the accuracy of the ordinary pair approxima-
tion for identifying the conditions for persistence versus extinction in lattice
models.

The work of Kawasaki et al. (1996) provides an alternative approach to
computing wave speed for lattice models. They calculate the approximate
probabilities for the wave front to have a given shape, based on assumptions
above the possible configurations for each row that are approximately valid
when each site near the front has a high probability of being occupied. Their
analytic results are restricted to the case of zero death rate and z"8 in the
two-dimensional lattice, and for this case their results are consistent with ours
and very close to the wave speed obtained by simulation.

It should be possible to extend our approach to more complicated models
(such as multi-species interactions, evolutionary games on lattices, or spatial
heterogeneity in the underlying lattice), and it could then be a useful tool for
studying the qualitative long-term dynamics of those models. The most
obvious application is to spatial competition models that have several locally
stable equilibria in the mean-field approximation (e.g. Hutson and Vickers
1992; ‘‘Case 2’’ of Durrett and Levin 1994b; Durrett and Levin 1997). The
spatial model, unlike the mean-field model, often has a single ‘‘winner’’ that
eventually takes over even if it is initially very rare, and the winner can be
identified from the sign of the wave speed for a wavefront separating a region
occupied by one species from a region occupied by another.

Similarly, the long-term outcome in lattice predator-prey models (Wilson
et al. 1993) might be approached via a series of invasion analyses:

f Can the prey species spread across an empty lattice?
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f If so, can the predator move into areas occupied by the prey?
f If so, can the prey and predators together spread into an empty lattice?

This is similar to the ‘‘invasibility’’ analyses often used to study non-lattice
stochastic population models (e.g., spatially unstructured models or patch
models). Invasibility is a ‘‘local stability’’ property so it generally does not
yield rigorous conclusions about the global dynamics. Nonetheless, the global
behavior inferred by piecing together invasibility results has often proved to
the correct (i.e., it matches simulation results), unless the model has special
factors coming into play near the invasion boundaries of the state space, such
as Allee effects.

The main limitation to our approach is that it rests on assumptions about
the shape of the wave front. Here, a limited set of simulations was sufficient to
identify a suitable approximation to the wave front for the models at hand, in
particular, suggesting that it was sharp enough to justify the LBW approxima-
tion. The same could be done for more general models. However it would be
preferable to approximate the wave front directly from the lattice transition
rules, and a more accurate description of the transition zone between the
occupied and empty regions might give a more accurate approximation to the
true speed of invasion.
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Appendix: quasi-steady-state local densities

The quasi-steady-state local densities qJ
1@1

, QI
1@1

used in our approximations
for the two-dimensional lattice can be obtained diretly from results of
Matsuda et al. (1992) for the ordinary pair approximation. The ordinary pair
approximation for the basic contact process can be written in the form

oR
1
"M

1
o
1

qR
1@1

"(M
11
!M

1
)q

1@1
(A1)

where

M
1
"!1#bx

M
11
"!2#2bMz~1#(1!z~1)cxNx/(1!x) (A2)

x"1!q
1@1

, c"o
1
/(1!o

1
)

(Matsuda et al. 1992, Sects. 2 and 3). The other local densities are
then determined from the identities o

0
#o

1
"1, q

0@i
#q

1@i
"1, and

o
0
q
1@0

"o
1
q
0@1

. Steady-state densities are obtained by solving the equations
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M
1
"M

11
"0, giving steady-state global density

oL
1
"

b (z!1)!z

b(z!1)!1
. (A3)

When o
1

is near 0, o5
1

is necessarily small but qR
1@1

is not; therefore
q
1@1

quickly approaches the quasi-steady-state value qJ
1@1

defined by solving
the equation M

11
"M

1
with c set to 0 in (A2). For q :"q

1@1
'0, this reduces

to the quadratic equation

b (1!q)(2!zq)!zq"0 (A4)

which has a unique root in (0, 1). This is the growing-phase pair approxima-
tion (GPA) used in the text. For the LBW approximation we assume instead
that the density of occupied sites near the wave front is half the steady-state
value. The LBW local density QI

1@1
is thus the solution of M

11
"M

1
for c set

equal to oL
1
/(2!oL

1
), which is again a quadratic equation.

For the contact process with nearest-neighbor migration as in the text, the
quasi-steady-state local densities are derived in exactly the same way except
that

M
11
"!2M1#m(1!z~1)xN

#2[bMz~1#(1!z~1)cxN#m(1!z~1)cx]x/(1!x) . (A5)

This generalization of (A2) produces more complicated formulas in place of
(A3) and (A4), but the final result is still a quadratic equation for the local
densities.
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