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Abstract

We study dynamical behavior and bifurcation structure of a multi-strain SIR epidemiological model with seasonal forcing in
transmission rate. The conventional single strain SIR dynamics with seasonal forcing is known to show a cascade of bifurcations
as the strength of seasonality increases. In this study with an extension to multiple strains of pathogens, we first investigate the
bifurcation patterns of the two strain SIR model. In the two strain SIR model, a new parameter called cross-immunity between
strains plays a key role in the dynamical behavior. As analogous to the single strain model, we found that the period doubling
bifurcation occurs as the strength of seasonal forcing is increased. However, bifurcation patterns differ greatly both in their
subharmonic periods and the relative phase of cycles between strains, depending mostly on the degree of the cross-immunity
between strains. With strong and weak cross-immunities, the period doubling cascade proceeds gradually toward chaotic cy-
cles. On the other hand, with intermediate cross-immunity, the loss of stability of annual cycle attractor is immediately followed
by chaotic cycles. Asynchronous cycles of two strains are robust outcome when annual cycles lose stability, but the population
can converge to perfectly synchronized biennial cycles if two strains are antigenically distant from each other. Second, we
found that there are simultaneously stable multiple attractors in two strain SIR model. Biennial and chaotic attractors, e.g., oc-
casionally coexist at the same degree of seasonal forcing, and the trajectories converge to one of them depending on the initial
conditions. Such multiple attractors are widely seen between biennial and annual cycles, or among the different types of biennial
cycles, at the same strength of the seasonality. Finally, we found that the population may switch from one attractor to another
by introducing a small random noise in seasonally varying transmission rate. © 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Echoviruses are known as a causative agent of
the aseptic meningitis epidemics in Japan. Their out-
breaks in Japan show seasonality: the reported number
of infected hosts becomes the largest mostly in July
(Fig. 1A). The seasonality in outbreak is common

∗ Corresponding author. Tel.:+81-92-642-2642;
fax: +81-92-642-2645.
E-mail address: kamo@bio-math10.biology.kyushu-u.ac.jp
(M. Kamo).

among infectious disease, as in the widely known
example of flu outbreaks.

Many epidemiological models have been studied to
account for the sustained oscillation in the number of
infected hosts (e.g. [1–5]). These models reveal that
the introduction of seasonally varying transmission
rate, e.g., well explain the annual, the biennial, and
the other periodicity in the outbreaks of pathogen.
Schwartz and Smith [3], e.g., showed in their SEIR
model that the temporal pattern of the infected density
is drastically changed by the strength of seasonality
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Fig. 1. (A) Monthly reported total number of people infected by
echoviruses in Japan during the period 1982–1996. The black dots
indicate the reported numbers in July. (B) Time changes in the
morbidity of three echovirus sub-types, echo9 (green line), echo18
(red), and echo30 (blue). Dominant sub-types change between
years.

(also see for SIR model in [4,6]). However, these
models have been focused only on the dynamics of
the single strain epidemics. In the case of echovirus
epidemics, there are almost 30 serologically defined
sub-types (echo1, echo2, etc.), and the major types
change year by year. A recent nationwide outbreak
occurred in 1991 in Japan with the major type echo30.
In 1992, however, very few echo30 infections have
been reported, and instead, echo9 caused most of the
infections [7].

Fig. 1A shows the reported numbers of infections
of echovirus sub-types from 1983 to 1996 in Japan.
Although there are 33 sub-types in echoviruses, three
sub-types are shown in Fig. 1B. A roughly ordered
emergence by a set of sub-types is a characteristic
of the echovirus outbreaks—the same sub-type tends
to reemerge for about every 10 years. This contrasts
with the pattern of outbreaks by influenza A viruses,

in which each year’s nationwide outbreak is caused
by a new type which is slightly deviated from the last
year’s major strain [8]. To understand the dynamics
of those epidemics caused by a set of antigenically di-
verse sub-types, the extension of mathematical models
is necessary.

Schwartz and Smith [3] showed that seasonal forc-
ing causes the period doubling in the density of in-
fected hosts by using the single strain SEIR model.
In this study, we focus on an effect of the seasonal
forcing in the single and multiple strain SIR model to
investigate the pattern of the period doubling or the bi-
furcation in the host density. The reason why we used
the SIR model rather than the SEIR model is that it
is easier to extend to the multi-strain model which is
not analyzed in [3].

When we consider the multiple strain model, we
need a new parameter called cross-immunity between
strains. Usually, once a host is infected by a cer-
tain viral strain, the host will be never infected by
the same strain because of the acquired immunity for
it. The immunity works to other viral strains which
are antigenically close to the original one and hence
the host will be rarely infected by such strains, al-
though the immunity is less effective generally than to
the original strain. This phenomenon is called cross-
immunity.

In this study, we focus on the effect of sea-
sonal forcing and the effect of the new parameter,
cross-immunity. First, we investigate the conventional
single strain SIR model and the way the bifurca-
tion occurs by increasing the degree of the season-
ality. Then the model is extended to a two strain
model.

2. SIR model

We first introduce a conventional SIR model with
seasonality. The densities of the susceptible (S), the
infected (I) and the recovered (R) hosts change with
time as

Ṡ = −βSI − µS + µ, İ = βSI − γ I − µI,

Ṙ = γ I − µR, (1)
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whereẋ represents the time derivative,β the transmis-
sion rate,µ the natural death rate andγ the recovery
rate. The newborns are susceptible and the number of
births and deaths are balanced. The total host density is
scaled to 1. Throughout the paper we assume that the
basic reproductive ratio,R0 = β/(µ + γ ), is greater
than 1. Because echovirus shows strong seasonality in
morbidity, we introduce the seasonal change in trans-
mission rate:

β = β0(1 + δ sin 2πt), (2)

where β0 is the base transmission rate, andδ(0 ≤
δ ≤ 1) measures the degree of seasonality. The time
is scaled in units of years, so the period of seasonal
forcing is 1. It is well known that the SEIR model
with the seasonality shows the diversity of dynami-
cal behavior depending on the strength of the season-
ality [3].

Fig. 2. The bifurcation diagram of single strain SIR model. Horizontal axis shows the strength of the seasonality and the vertical axis
shows the densities of the infected hosts. The periods of years cycle are shown in a small color panel in the figure, and the numbers under
the panel shows the period. More than 10 years cycles are shown in black dots. The parameters used in the simulation wereβ = 1500,
γ = 50, µ = 0.01. The time is measured in units of years, so the parameters correspond to an infectious disease with the mean infectious
period 1/γ = 1 week, the basic reproductive ratioR0 = β/(µ + γ ) = 30 in the host with the mean life time 1/µ = 100 years. The
parameters are nearly the same as in [3].

The annual cycle around the endemic equilibrium
is stable whenδ is sufficiently small. Whenδ ex-
ceeds a certain threshold, a 2-year cycle emerges.
By further increasingδ, the system shows a cascade
of period doubling bifurcation (2 years, 4 years, 8
years, etc.) towards chaos. We expect a similar bi-
furcation structure in the SIR model as the strength
of the seasonality is increased. Fig. 2 illustrates
the bifurcation diagram of the density of infected
host whenδ is varied, which we explain later in
greater detail, in comparison with that of two strain
model.

When this SIR model is extended to two strain
model, the system is described by nine host compart-
ments of different immunological status (SS, SI, SR,
. . . , RR, whereSI, e.g., represents the hosts which are
susceptible to the strain 1 and infected by the strain 2).
Introducing a new parameterσ that expresses the
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effect of cross-immunity, we have

ẋSS = −β1xSSxI• − β2xSSx•I − µxSS + µ,

ẋIS = β1xSSxI• − β2σxISx•I − (γ1 + µ)xIS,

ẋRS = γ1xIS − β2σxRSx•I − µxRS,

ẋSI = β2xSSx•I − β1σxSIxI• − (γ2 + µ)xSI,

ẋII = β1σxSIxI• + β2σxISx•I − (γ1 + γ2 + µ)xII,

ẋRI = β2σxRSx•I + γ1xII − (γ2 + µ)xRI,

ẋSR = γ2xSI − β1σxSRxI• − µxSR,

ẋIR = β1σxSRxI• + γ2xII − (γ1 + µ)xIR,

ẋRR = γ1xIR + γ2xRI − µxRR, (3)

wherexSS , e.g., is the density of hosts that are sus-
ceptible to both strains (SS). xI• = xIS + xII + xIR and
x•I = xSI + xII + xRI, respectively, are the total num-
ber of the strain-1-infected and the strain-2-infected
hosts, andβi and γ i are the transmission rate and
the recovery rate of the straini (i = 1, 2). The new
parameterσ (more precisely, 1− σ ) stands for the
degree of cross-immunity between strains 1 and 2.
Whenσ = 0 (perfect cross-immunity), the hosts once
infected by one strain will never be infected by the
other strain. Whenσ = 1 (no cross-immunity), in
contrast, two strains can independently infect the host.
Again, the seasonality is introduced as in Eq. (2):
βi = β0

i (1+ δ sin 2πt). If the cross-immunity is very
strong(σ ≈ 0), the competition between two strains
becomes very strict. The strain with a smaller basic
reproductive ratio would then go extinct [9,10]. How-
ever, as imperfect cross-immunity(σ > 0) strongly
promotes the coexistence of strains, quite a large dif-
ference in the basic reproductive ratios is necessary
in order that one of the strains go to extinction [10].
This competitive exclusion under an extremely strong
cross-immunity condition is not the major interest of
this study (because then two strains are antigenically
indistinguishable). We therefore later assume symmet-
ric parameters between two strains (by which the basic
reproductive ratios of both strains are the same, and
two strains always coexist except whenσ is strictly
zero).

Before proceeding to the analysis, we note that the
eight-dimensional system (3) can be reduced, with-
out loss of any information, to a five-dimensional sys-

tem by introducing the following state variables:x =
xSS, the density of universally susceptible hosts;y1 =
xIS + xII + xIR≡xI• andy2 = xSI + xII + xRI≡x•I , the
density of hosts infected by the strain 1 and strain 2,
respectively;z1 = xIS + xRS andx2 = xSI + xSR, the
density of host exposed to the strain 1 but susceptible
to the strain 2, and vice versa, respectively [11,12].

The system (3) is then rewritten as

ẋ = (−β1y1 + β2y2)x + µ(1 − x),

ẏ1 = β1(x + σz2)y1 − (µ + γ1)y1,

ẏ2 = β2(x + σz1)y2 − (µ + γ2)y2,

ż1 = β1xy1 − β2σz1y2 − µz2,

ż2 = β2xy2 − β1σz2y1 − µz1. (4)

The following analysis is based on these equations (4),
rather than (3).

3. Results

3.1. Phase diagram

We first study the single strain SIR model using
Eq. (2). The way of bifurcation in the corresponding
SEIR model have been well studied by Schwartz and
Smith [3]. We reproduced similar results in our SIR
model when strength of the seasonality is varied.

Starting with randomly assigned host densities of
each state (=S, I, R), we simulated the SIR model for
a few hundred years until the system reached asymp-
totic orbit. Then we investigate the period and the am-
plitude for the fluctuation in the density of the infected
hosts. Fig. 2 shows the bifurcation diagram, where the
horizontal axis shows the strength of the seasonality
and the vertical axis shows the maximum density in
each year (aroundt = n + 1/4 (n = 0, 1, 2, . . . ) or
around July). Because we obtained the result by nu-
merical simulations, only stable orbits are shown in
the figure. Orbits of different periods are shown in dif-
ferent colors. We can see that multiple attractors can
coexist for a given degree of seasonal forcing. For ex-
ample, when seasonal forcing parameter (δ) is in the
range 0.025 < δ < 0.06, 1-year cycle and 2-year
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Fig. 3. The bifurcation diagram of two strains SIR model. We assumed symmetric parameters for both strain (β1 = β2 = 1500,γ1 = γ2 = 50,
µ = 0.01). Periods more than 10 years are shown in black dots. The density of only the first strain is shown. Since we assume the
symmetric parameters between the strains, the diagram of the second strain is identical to the diagram. In these figures, for a given
seasonality, we simulated the two strain SIR model for 50 runs with random initial condition. (A) The diagram when the cross-immunity
parameterσ is 0.8. (B)σ = 0.5. (C) σ = 0.1.

cycle coexist, and a trajectory converges to one of the
attractors depending on the initial condition.

The bifurcation diagrams in the two strain model
were investigated in the same manner. Fig. 3 illustrates
the bifurcation diagrams of two strain model for in-
creasingδ, which retain the same tendency that were
observed in the one strain SIR model. The population
shows the annual cycle when the seasonality is suf-
ficiently small, shows 2-year, 4-year cycles, and the
cycles of still longer periods for intermediate strength
of seasonality, and shows chaotic behavior for suf-
ficiently strong seasonality. However, the bifurcation
diagram shifts more quickly to chaos in the two strain
model than in the single strain model by increasing
the degree of seasonality, and shows more complicated
bifurcations than that in Fig. 2 for the single strain
case. In Fig. 3, only the density of hosts infected by

the strain 1 is shown because we assumed symmetric
parameters for both strains (β1 = β2, γ1 = γ2) and
hence the strain 2 shows the identical diagram (note,
however, that their phases can be different, as we will
see later). In these figures, we observe multiple attrac-
tors (e.g. both the annual and the biennial cycles are
stable, and the trajectory is attracted to one of them
depending on the initial state).

Fig. 3 also illustrates how the strength of cross- im-
munity affects the dynamical behavior (the panels in
Fig. 3 only differ in their strength of cross-immunity).
Again, starting with randomly assigned host densities,
we simulated the two strain SIR model until a trajec-
tory reaches a stable orbit. We replicated 50 indepen-
dent runs with different initial conditions for a given
seasonal forcing parameter and investigated period and
amplitudes.
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Fig. 3. (Continued ).

If the cross-immunity is very weak(σ ≈ 1),
two strains behave almost independently with each
other because each strain can freely infect the host
that has been infected by the other strain. In con-
trast, if the cross-immunity is nearly perfect(σ ≈
0), two strains are antigenically indistinguishable,
and hence when the infected densities are pooled
together, the dynamics becomes almost identical
to the single strain model, though the density is
halved from the single strain model. With a weak
cross-immunity shown in Fig. 3A, the chaotic be-
havior appears at a smaller seasonality parameter
than in Fig. 3B for a medium cross-immunity case.
Both in weak (Fig. 3A) and a strong (Fig. 3C)
cross-immunity cases, we observe a broad region of
parameter for limit cycle attractors of short periods
(mainly 2 years and 4 years), although the 2-year
cycles are not seen in Fig. 3C. On the other hand,
with an intermediate strength of the cross-immunity
(Fig. 3B), we observe a wide region of parameter

for 1 year, which suddenly bifurcates to the chaotic
attractor.

3.2. Multiple attractors

In the two strain SIR model, when the trajectory is
attracted to a limit cycle with more than 2-year period,
we found that two strains may fluctuate with different
phases. Trivially, if the dynamics shows 1-year cycle,
two strains must fluctuate perfectly in-phase. When the
dynamics shows a 2-year cycle, there are three kinds
of attractors. In the first biennial cycle attractor, two
strains fluctuate perfectly in-phase. In the second, two
strains fluctuate in the opposite phases. In the third,
two strains fluctuate asynchronously with completely
different shapes. All these three 2-year cycle attrac-
tors coexist around 0.02 < δ < 0.04—the trajecto-
ries converge to one of them depending on the initial
conditions (Fig. 3A). One of the attractors disappears
aroundδ = 0.03 but appears again aroundδ = 0.035.
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Fig. 3. (Continued ).

The detailed bifurcation diagram is illustrated in
Fig. 4A. The following procedure is used for the
‘continuation’ of the branches along the seasonality
parameter in Fig. 4A. After the trajectory reaches a
stable attractor for a certain seasonality parameter,
we sampled the densities at the last time point, which
are then used as the initial conditions for slightly dif-
ferent seasonality parameters. Because the changes
in the seasonality parameter between simulations are
very small, we expect that the trajectory converges
to the same attractor. This process is repeated until
an attractor of the 2-year period becomes unstable, or
disappears.

3.2.1. Three kinds of biennial cycles
Three different kinds of branches for the biennial

cycles are shown in Fig. 4A. A branch labeled as ‘S’
shows an attractor where the dynamics of two strains
fluctuate perfectly in-phase with 2-year period. The

branch has a characteristic of the period doubling to
4 years cycles. When we further increase the seasonal
forcing, the family of this branch finally bifurcates to
a chaotic trajectory aroundδ = 0.05 (see Fig. 3A).
This chaotic attractor disappears aroundδ = 0.06. A
branch labeled as ‘A’ is an attractor in which the two
strains fluctuate in opposite phase. This anti-phase 2
years cycle attractor lasts longer than the other 2-year
cycles. The last branches labeled with ‘D’ show an
attractor in which the two strains have different shapes
of fluctuations, hence two branches are drawn in the
diagram. An example of such trajectories is shown in
Fig. 4B.

3.2.2. Biennial and chaotic attractor
The biennial cycles and chaotic attractor coexist

around 0.05 < δ < 0.06 (Fig. 3A). We simulated the
SIR model for 100 runs with randomly varied initial
conditions atδ = 0.055 andσ = 0.8, leading to 58
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Fig. 4. (A) The branches of period of 2 years. The cross-immunity
parameter:σ = 0.8. Horizontal axis shows the strength of sea-
sonality (δ) and vertical axis shows the density of hosts infected
by strain 1 in July (t = n + 1/4, n = 0, 1, . . . ). The branch with
‘A’, shows the density in which two strains fluctuate in opposite
phases. The branch with ‘S’, that with perfectly in-phase. The
branches with ‘D’, two strains fluctuate in different wave shapes.
The panel B shows trajectories of two strains in the branch ‘D’.

runs converging to biennial cycles and the others to
the chaotic attractor.

When the dynamics is attracted to cycles with a pe-
riod longer than 3 years, we do not observe any tra-
jectories in which the two strains fluctuate in-phase.
The phase relation between two strains would be ex-
pected as to have some systematic contribution to the
bifurcation structure; however, we have not analyzed
it yet.

3.3. Natural frequency and the resonance

3.3.1. Eigenvalues of the linearized system
When there is no seasonal forcing, the dynamics

converges to a fixed point with a damped oscillation.
The sustained oscillation of large amplitude is brought
into the system by the seasonally varying transmission

rate that amplifies the natural frequency component of
the system. In Fig. 5A, we plot the natural frequen-
cies of the unforced system (the imaginary parts of
the complex conjugate eigenvalues of the Jacobian for
the dynamics (4) at the fixed point) as a function of
cross-immunity parameterσ (shown in vertical axis).
The fixed point of Eq. (4) with symmetric parameters,
β1 = β2, γ1 = γ2, is

x̂ = 2 − σ − 2σR + Q

4(1 − σ)R
,

ŷ1 = ŷ2 =
(

µ

µ + γ

) −2 − σ + 2σR + Q

4σR
,

ẑ1 = ẑ2 = 2 − 3σ + 2σR − Q

4Rσ(1 − σ)
(5)

with Q =
√

4 − 4σ + (1 − 2R)2σ 2 and R = β/

(µ + γ ).
Among five eigenvalues of the Jacobian around the

fixed point (5) of this two strain SIR model, two pairs
are conjugate complex numbers. We then expect that
the natural frequencies associated with these two pairs
of conjugate complex eigenvalues would be amplified
when forced by seasonality. We denote these eigen-
values by

λ
(1)
± (σ ) = ν1(σ ) ± iω1(σ ),

λ
(2)
± (σ ) = ν2(σ ) ± iω2(σ ), (6)

where bothν1 andν2 are negative for allσ , andω1 and
ω2 the natural frequencies of the linearized system. As
we will see in the next section,ω1 corresponds to the
natural frequency of synchronized fluctuation of two
strains, andω2 corresponds to the natural frequency
for the anti-phase fluctuation of two strains. As shown
in Fig. 5A, the first natural frequencyω1 does not
sensitively depend on the cross-immunity parameter
σ , but the second natural frequencyω2 does. Indeed,
the approximation for small host death rate compared
to the infection rates and the recovery rates, and large
enough basic reproductive ratio (i.e.µ � γ � β—
as expected in many human infectious diseases, see
also [13,14]) reveals the following leading term for
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Fig. 5. (A) Theσ dependence of the imaginary parts of the eigenvalues (natural frequencies) of Jacobian matrix of Eq. (4). The characteristic
periods (2π /ωi ) rather than frequencies are plotted in the horizontal axis in unit of years, as functions of cross-immunity parameterσ

(vertical axis). There are two pairs of conjugate complex eigenvalues with the imaginary partsω1 andω2, respectively.ω1 is insensitive to
the degree of cross-immunityσ andω2 sensitively depends on it—ω2 is a monotonically increasing function ofσ . Two natural frequencies
coincide asσ approaches 1. (B) Bifurcation diagram with the cross-immunity parameterσ as the horizontal axis. Parameters are the same
as in Fig. 3, except that the strengthδ of the seasonality being fixed at 0.05. For the range ofσ in which the second natural frequency
(for asynchronous oscillation mode of two strains),ω2 in (A), is close to 1/8 (cycle per year), the asynchronous cycles of period 8 are
the major branch. Forσ which gives rise toω2 close to 1/2, 2-year period cycles become the major attractors.

the friction coefficients and the natural frequencies:

ν1 ≈ − (2 − σ)µβ

2γ
, ω1 ≈

√
βµ,

ν2 ≈ −σµβ

2γ
, ω2 ≈

√
βσµ. (7)

By inspecting the friction termsν1 and ν2, we see
that the smallerσ is, the more pronounced is the con-

tribution of anti-phase oscillation mode with natural
frequencyω2 when the system is perturbed by an ex-
ternal periodical forcing, since the contribution of the
ith natural frequency mode to the amplitude response
of linearized system is

νi

ν2
i + (ωi − Ω)2

, (8)
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whereΩ is the angular frequency of the external forc-
ing. In contrast the synchronized oscillation mode with
natural frequencyω1 becomes equally important as the
anti-phase oscillation mode whenσ approaches to 1.

Fig. 5B illustrates a bifurcation diagram for varying
σ , when the seasonal forcing parameter,δ, is fixed at
0.05. Whenσ is small(0 < σ < 0.01), where the sec-
ond natural frequencyω2 is approximately 1/8 cycle
per year, we found that the asynchronous limit cycles
of period 8 are indeed one of the major branches in
the bifurcation diagram obtained from the simulations.
Whenσ becomes larger(σ > 0.5), both synchronous
and asynchronous 2-year cycles constitute the ma-
jor branches, as expected from Eq. (7). Although the
precise bifurcation pattern accords only roughly with
Eq. (7) and Fig. 5A, the figure clearly demonstrates
the importance of the second natural frequency (and
the friction coefficient) in determining the phases and
periods of multi-strain epidemilogical outbreaks.

A linear system with a sinusoidal external force
should never show any subharmonic response. How-
ever, a trajectory of the forced nonlinear system (4)
should have various subharmonic components (even
in an annual cycle attractor, through non-sinusoidal
shape of oscillation), which then “forces” the sys-
tem itself having the resonance structure described
above. The above analysis gives us key information for
understanding which subharmonic mode and which
phase relationship between the strains tend to predom-
inate in the attractor, and how they change when the
cross-immunity parameterσ is changed (see below).

3.3.2. Eigenvectors
Next we investigate the eigenvectors corresponding

to these two kinds of complex eigenvalues. The corre-
sponding eigenvectors are also complex. These com-
plex eigenvectors give us information about both the
phase and the amplitudes of fluctuation of the cor-
responding canonical mode. The elements of com-
plex eigenvectoru corresponding to a pair of complex
eigenvectorsλ± can be written as

u = (|u1|eiφ1, |u2|eφ2, . . . , |u5|eiφ5)T. (9)

The second and the third elements of an eigenvector
(9) correspond to the complex amplitude ofy1 and

y2, from which we can see the phasesφ2 andφ3 of
two strains in this canonical oscillation mode. We see
from this that in the canonical oscillation mode cor-
responding toλ(1)

± , two strains are perfectly in-phase

(Fig. 6A), and in that corresponding toλ(2)
± , two strains

are perfectly out-of phase (Fig. 6B).

3.3.3. Natural frequencies and bifurcation structure
We here discuss how the natural frequencies of the

linearized system for two strain SIR model (4) are rel-
ated to the bifurcation structures observed in the nu-
merical simulations. The analyses in the preceding
sections are summarized as follows: (i) There are two
pairs of conjugate complex eigenvalues,λ

(1)
± andλ

(2)
± ,

of the linearized system. (ii) The natural frequency
ω1 of the first complex eigenvalue is insensitive to
the changes in the degree of cross-immunity (σ ), but
the second natural frequencyω2 depends critically on
the cross-immunity.ω2 is 0 whenσ is 0, increases
monotonically asσ increases, and finally approaches
to the first natural frequencyω1 asσ tends to 1 (also
see Eq. (7)). (iii) The first natural frequencyω1 cor-
responds to the canonical oscillation mode in which
two strains fluctuate perfectly in-phase (Fig. 6A), and
the second natural frequencyω2 does to the canonical
mode in which two strains fluctuate in perfectly oppo-
site phases. (iv) The friction coefficient of anti-phase
oscillation mode is small ifσ is small, which increases
monotonically withσ and approaches to the same
value as the friction coefficient of synchronized oscil-
lation mode asσ approaches 1. This indicates that the
anti-phase subharmonic oscillation with a large period
tends to be picked up in the attractor whenσ is small
(when cross-immunity is strong). For a largeσ (weak
cross-immunity), the anti-phase and the in-phase os-
cillation mode have comparable (and short) periods
and the friction coefficients, suggesting that either two
modes are mixed up in an attractor, or there exists
bistability between the in-phase and the anti-phase os-
cillation attractors whenσ is close to 1. To conclude,
we expect that two antigenically distant strains can
show synchronized outbreaks with a short period. By
contrast, two antigenically close strains tend to keep
the outbreak years away from each other, and the pe-
riods is likely to be longer. We will discuss later how
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Fig. 6. Eigenvectors corresponding to the two natural frequenciesω1 and ω2 in Fig. 5A. This figure illustrates eigenvectors forσ = 0.8,
but is qualitatively the same for allσ exceptσ = 1 and 0. (A) The components of eigenvector fory1 and y2, corresponding toω1 in
Fig. 5A. In the left panel, axes show the real (horizontal) and imaginary parts (vertical) of eigenvectors. Two components coincide with
each other, indicating that two strains fluctuate perfectly in-phase in this mode (right panel). The synchronized phases of strains 1 and
2 infected hosts are by about 90◦ lags behind that of universally susceptible hosts (SS). (B) The same as (A) but for the eigenvector
corresponding toω2. The fluctuations of both strains are perfectly in opposite phase (180◦).

these predictions derived from the analysis of two nat-
ural frequencies agree with the bifurcation patterns of
the dynamics (4) observed in numerical simulations.

3.4. Noise driven transitions between attractors

We here study the effect of small noise in season-
ally varying transmission rate when there are multiple
attractors. As is shown in Fig. 4A, even when the dy-
namics shows simple 2-year cycle, there are at least
three different attractors for a given degree of seasonal-
ity. When we introduce noises in the transmission rate,
we expect that a trajectory once converged to a cer-
tain attractor will be relocated to another attractor after
being perturbed by noise, i.e. the transition between
attractors may occur. Fig. 7 exemplifies such a transi-
tion between attractors indeed happens. The seasonal

Fig. 7. An example of attractor transition. First, two strains fluc-
tuate perfectly in-phase; then, the random noise is induce. By the
noise, the transmission rate varies between−20 and+20% of its
magnitude during the disturbance periods. The noise is introduced
from the beginning to the end of the year 2 (shown in the gray
box). After the noise introduction, the trajectory moves out of the
in-phase attractor, and converges finally to the anti-phase biennial
cycle attractor.
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forcing parameter (δ) is 0.03 and the cross-immunity
parameter (σ ) is set to 0.8, at which in-phase bien-
nial cycle is one of the stable orbits of the system (see
Fig. 3A). The small noise is introduced to the infec-
tion rate from the beginning of the year 2 to the end
of the year. Before they are exposed to the noise, the
densities of two strains are in-phase, but after that they
jumped to a different attractor in which they fluctuate
in opposite phases. This kind of transitions between
multiple attractors can also be seen between biennial
and chaotic attractors as shown in Fig. 3. However,
like the example in Fig. 7, the transition form in-phase
to anti-phase is more likely to happen. As long as we
investigate, the transition of the opposite way needs a
larger amount of noise. We suspect that the basin of
attraction for the anti-phase attractor would be larger
than that of the in-phase attractor in this example.

4. Discussion

Forecasting the epidemics is a theoretically chal-
lenging issue particularly for the infectious diseases
with great serotype diversity. There are at least 30
sub-types that caused the outbreaks of echoviruses
during last two decades, and antigenically different
mutants come up every year in the influenza outbreaks.
Previous mathematical models for the population dy-
namics of infectious diseases, though highly success-
ful in practice (e.g. [15,16]), have often focussed on a
single strain dynamics—the multiple strain dynamics
have often been ignored (but see [17] for the indirect
interference between two different diseases).

For the practical purposes like the exploitation of the
effective vaccination and the decision on the amount
of vaccine stock in a year, the prediction on the mor-
bidity and the major sub-type in the next year is crit-
ically important. A few studies have been directed to
the forecasting of the epidemiological dynamics. Fore-
casting of single strain epidemiological dynamics is
discussed in detail in [18,19], and the prediction of
the major flu type in the next year from phylogenetic
relationship (but not based on dynamics) is discussed
by [8]. Only a few studies have focused on multiple
strain epidemiological dynamics with cross-immunity

(e.g. [9–11,20]). The reason why the effect of multiple
strain dynamics has been largely ignored in the liter-
ature is in its difficulty in coping with the enormous
complexity of the dynamics, but without the effort of
understanding the multiple strain dynamics, the pre-
diction is of no use in many infectious diseases.

The seasonality is clearly important in echovirus
epidemics (see Fig. 1). Theoretical studies on the epi-
demiological dynamics have revealed that the intro-
ducing of even a small amount of seasonal forcing
in the epidemiological parameter drastically changes
the temporal pattern (the annual, the biennial, and
the other subharmonics) of outbreaks (e.g. [2,21]).
Schwartz and Smith [3] analyzed the bifurcation struc-
ture of the SEIR model with seasonally varying trans-
mission rate. They found that the population shows a
cascade of period doubling bifurcation by increasing
the strength of seasonality. However, the bifurcation
structure of the multi-strain SIR model with seasonal-
ity has not been studied yet.

When we extend the SIR model to a multi-strain
model, we have to consider the effect of cross-immunity.
Most theoretical models with multiple strains have
assumed either perfect cross-immunity (once a host
acquires the immunity to a certain strain, it will never
be infected by any other strains) or no cross-immunity
(epidemiological processes of the strains are mutually
independent). However, because sub-types are anti-
genically different (by definition), a host infected by a
sub-type may be reinfected by another. The secondary
infection rate becomes weaker than the primary one,
the extent of which is determined by the degree of
cross-immunity, i.e. by the serological distance be-
tween sub-types. The behavior of the multi-strain
epidemiological dynamics critically depends on the
coefficients of cross-immunity defined for each pair
of sub-types (Fig. 3, also see [11,20]).

As we have mentioned before, there are two pairs
of conjugate complex eigenvalues (and hence two nat-
ural frequencies,ω1 and ω2) in the two strain SIR
model. The first natural frequency is insensitive to the
changes in the degree of cross-immunity, but the sec-
ond one monotonically increases as the degree of the
cross-immunity is increased. These two natural fre-
quencies play the key role in determining the pattern
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of fluctuations of two strains (i.e. their periods and the
relative phases).

Recall that the first natural frequency corresponds
to the synchronized oscillation of two strains, and the
second one corresponds to their anti-phase oscillation.
We now compare the parameter dependences ofω2

and the patterns of bifurcation observed in numerical
simulations (Figs. 3 and 4). Whenσ is close to 0,ω2

is small, so if this natural frequency is amplified by
the seasonal (annual) fluctuation of transmission rate,
we expect an outbreak of a long period (with per-
fectly opposite phases for two strains). For example,
when σ ≈ 0.1, the second natural frequencyω2/2π

(measured in cycles) is about 0.25(= 1/4 cycle per
year), hence the 4-year cycle with opposite phases for
two strains is expected if the mode withω2 is to be
amplified. This indeed accords with the first subhar-
monic branch in the cascade of bifurcations observed
in the bifurcation diagram (see Fig. 3C). When the
natural frequencyω2/2π is about 0.5(= 1/2 cycle per
year) forσ ≈ 0.8 (Fig. 5A), the anti-phase biennial
cycle is one of the major branches in the bifurcation
diagram (Fig. 3A, also see Fig. 4A). Seemingly, the
fact that the second natural frequencyω2 is close to
ω1 when σ approaches 1 would be responsible for
the stimulation of the in-phase oscillation mode that
corresponds toω1, which is not excited for other
region of σ . Thus whenσ is close to 1, both the
in-phase biennial cycles and the anti-phase biennial
cycles are simultaneously stable, as well as their ‘in-
teraction mode’ (different shape attractor (D) depicted
in Fig. 4A).

Our conjecture from these observations is that there
is a clear relationship between the natural frequencies,
ω1 andω2, of the system and the observed bifurcation
structure. We have not obtained mathematical justi-
fication so far for this claim, though we expect that
it would be shown by a rigorous perturbation anal-
ysis of the system by making use of the averaging
method.

Lastly, we would like to go back to our main
purpose. Our aim is to forecast the dynamics of
multi-strain epidemics like echoviruses (see Fig. 1).
From the results of two strain model obtained in this
paper, we may expect that the most antigenically dis-

tant strain from the currently abundant one tends to
predominate in the next year or some later period in
the same year, and antigenically close strains tend to
have peak years away from each other. We, however,
need to analyze the model with more than two strains
to draw any conclusion for the order of outbreaks ex-
pected under a given antigenic distance relationship
between strains. The most intriguing result, when the
single strain SIR model is extended to multiple strain,
is that there are multiple attractors in almost every
parameter region we examined. Although, multiple
attractors can be seen in the single strain model (see
Fig. 2, such as between period of 1 and 2 years),
the multi-strain case is more complicated. Even the
attractors of simple 2-year period cycles and the
chaotic one are occasionally coexisted in the same
parameter set, and the trajectories once converged to
one of the attractors would jump to another through
a subtle modulation of trajectories by a random noise
inevitable in the real world. This kind of transition
between attractors is by no means specific to the
multiple SIR model, and is also seen in the spatially
coupled single strain SEIR model [22]. Earn et al.
[22] showed that an introduction pulse vaccination in
two-patch SEIR model can make the anti-phase bien-
nial cycle in two patches to be synchronized. Anal-
ogously, we have shown that the transitions between
attractors can be easily triggered by a small random
noise in our seasonally forced two strain model (see
Fig. 7). This would indicate the forecasting of the epi-
demics of multiple strains in noisy real world would
become extremely difficult when the system allows
multiple attractors.

The dynamics of the measles and other epidemics
has been widely studied from the perspective of detect-
ing chaos from noisy world (e.g. [18,19,23,24]). The
difficulty in forecasting time series is often discussed
from the sensitive dependence in initial data, which
is inherent to the chaotic system. We have shown that
even when the estimated Lyapunov exponents are neg-
ative so that the system has only stable attractors, the
trajectories can be highly unpredictable—the transi-
tions between multiple attractors driven by a small
noise would be another robust source of unpredictabil-
ity in such models as the multiple strain SIR model.
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Still another difficulty would arise from the sensi-
tive parameter dependence in the bifurcation diagram
(e.g. Fig. 3). A slight change in the fitted parameter
would totally change the prediction.
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