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Dengue virus, the causative agent of dengue fever and its more
serious manifestation dengue hemorrhagic fever, is widespread
throughout tropical and subtropical regions. The virus exists as
four distinct serotypes, all of which have cocirculated in Bangkok
for several decades with epidemic outbreaks occurring every 8–10
years. We analyze time-series data of monthly infection incidence,
revealing a distinctive pattern with epidemics of serotypes 1, 2, and
3 occurring at approximately the same time and an isolated
epidemic of serotype 4 occurring in the intervening years. Phylo-
genetic analysis of virus samples collected over the same period
shows that clade replacement events are linked to the epidemic
cycle and indicates that there is an interserotypic immune reaction.
Using an epidemic model with stochastic seasonal forcing showing
8- to 10-year epidemic oscillations, we demonstrate that moderate
cross-protective immunity gives rise to persistent out-of-phase
oscillations similar to those observed in the data, but that strong
or weak cross-protection or cross-enhancement only produces
in-phase patterns. This behavior suggests that the epidemic pat-
tern observed in Bangkok is the result of cross-protective immunity
and may be significantly altered by changes in the interserotypic
immune reaction.
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Understanding the factors that drive epidemiological patterns
is central to the effective management of infectious disease.

The recent explosion in pathogen gene sequence data provides
a unique opportunity to link mechanisms at immunological and
genetic levels with large-scale epidemiological patterns. In par-
ticular, the marriage of epidemiological theory with the analysis
of phylogenetic data from pathogen populations has the poten-
tial to greatly advance our understanding of infectious disease
dynamics at both the intra- and interhost levels (1). In this study,
we employ such an integrated approach to study the epidemi-
ology of dengue virus (DENV), one of the most important
emerging pathogens of humans, and show that epidemic patterns
in Bangkok may be the result of cross-protective immunity
between serotypes.

DENV is a positive-sense RNA virus (genus Flavivirus) with
a characteristic phylogenetic structure comprising four sero-
types, DENV-1 to DENV-4. All four serotypes occur throughout
tropical and subtropical regions, and an estimated 2.5 billion
people are at risk from infection (2). The majority of infections
lead to dengue fever, a mild febrile disease. However, the last 50
years has seen a growing number of cases of dengue hemorrhagic
fever (DHF) and dengue shock syndrome (DSS), more severe
and potentially fatal forms of the disease. A popular hypothesis
is that DHF�DSS results from antibody-dependent enhance-
ment, whereby antibodies from a previous infection facilitate
subsequent infection with a heterogeneous serotype (3). How-
ever, the exact mechanisms of pathogenesis remain contentious,

and the potential for enhancement also may depend on the
particular strain type (genotype) within the serotype and immu-
nological differences within the host (4–7). Theoretical studies
of the potential impact of antibody-dependent enhancement on
the epidemiology of dengue have shown that enhancement of
transmission may generate cycles or chaotic oscillations in
infection numbers (8), leading to an optimum degree of en-
hancement to prevent extinction (9), whereas enhancement of
mortality may prevent immunologically similar serotypes from
coexisting (10).

Our study focuses on Bangkok, where all four DENV sero-
types have cocirculated since at least the 1950s (3), creating a
reservoir from which dengue epidemics spread through the rest
of Thailand (11). First, we reanalyze a 20-year time series of
serotypically differentiated DENV incidence in Bangkok, re-
vealing a distinctive epidemic pattern between the serotypes. We
then present a phylogenetic analysis of samples collected over
the same period. This analysis suggests that the extinction and
replacement of whole clades within a serotype is coupled to the
epidemic pattern and that there is an immunological reaction
between serotypes. To study the implications of such an immune
reaction further, we employ a mathematical model. By varying
the interserotypic immune reaction, we demonstrate that mod-
erate cross-protective immunity can account for the most strik-
ing pattern observed the data, but strong or weak cross-
protective immunity and cross-enhancement do not. Together,
the time series data, phylogenetic analysis, and mathematical
modeling offer fresh insight into factors potentially governing
the epidemiology and evolution of DENV and, more broadly, the
role of immune cross-reaction in parasite strain dynamics.

Results
Incidence of Dengue in Bangkok. Transmission of DENV in
Bangkok occurs throughout the year, although there are strong
seasonal f luctuations in incidence related to vector population
density (12). Records of the annual number of confirmed cases
of dengue at the Queen Sirikit National Institute of Child Health
in Bangkok between 1977 and 2000 show that large-scale epi-
demics have occurred every 3–5 years, with an epidemic of each
serotype approximately every 8–10 years (13). Because severe
disease is sometimes, but not always, associated with secondary
infections, the number of hospitalized cases may depend in a
complex way on the exact strains of each serotype in circulation
and the sequence of multiple infections (14, 15). Therefore,
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infection numbers in the data may not be directly proportional
to the actual number of infections with each serotype in the
wider population but should nevertheless reflect the general
pattern of incidence. To obtain a more detailed description of
this pattern, we reanalyzed the finer-scale monthly records of
these data. Removing the seasonal component and smoothing
the time series (see Methods) reveals that the four DENV
serotypes have an interesting pattern of changing prevalence, as
shown in Fig. 1. Large outbreaks of serotypes 1, 2, and 3 are
approximately coincident (in-phase), whereas outbreaks of se-
rotype 4 tend to occur between the major epidemics of the other
serotypes (out-of-phase). Cross-correlation analysis confirms
this pattern. At lag 0, there is significant positive correlation
between DENV-1, -2, and -3 and significant negative correlation
between all of these serotypes and DENV-4. This out-of-phase
pattern is particularly striking for DENV-1 and DENV-4, and we
will focus on these two serotypes.

It seems unlikely that this highly distinctive epidemiological
pattern is the result of chance or a transitory phenomenon. We
therefore need to understand what processes lead to the phase
shift in DENV-4 or, alternatively, the absence of a phase shift
in the other serotypes. One possibility is interserotypic im-
mune reaction. The actual degree of cross-reaction associated
with a primary dengue infection is uncertain. There is clearly
not complete protection against other serotypes as sequential
(secondary) infections with different serotypes are observed.
Antibody-dependent enhancement also may occur in some
cases (3, 16, 17), although no consistent pattern of cause and
effect has yet been established. Antibody titer concentration
may determine whether an immune reaction is protective or
enhancing (5). Experiments using human cell lines have found
that, although cross-reactivity in T cells is common, cross-
neutralization is more specific (4, 18). It is not clear that similar
reactions occur in vivo, and it is difficult to quantify the actual
degree of cross-reaction in the population at large from such
experiments. However, in the following sections, we will
consider phylogenetic evidence, suggesting that there is indeed
some form of interserotypic immune reaction. We will then
explore how this interaction may affect the epidemiology of
DENV by including cross-reaction as a free parameter in a
mathematical model.

Phylodynamics of Dengue in Bangkok. At the phylogenetic level,
each viral serotype is subdivided into a number of distinct clades
(such as genotypes) that have differing frequencies within pop-
ulations and experience episodes of extinction and replacement
(19–23). What causes these disjunct phylogenetic patterns is
unclear, although the lack of definitive evidence for fitness
differences among strains has led most workers to conclude that
clade extinction results from random population bottlenecks and
stochastic fadeout (20, 22, 24–26). We analyzed gene sequence
data for all DENV serotypes circulating in Bangkok during the
period 1973–2002 (see Methods) and found a concordance
between episodes of clade extinction and changing levels of
serotype abundance, with this process occurring on an �10-year
time scale (Fig. 2).

In DENV-1, genotype III viruses are sampled only in 1980 and
never subsequently, with the majority of viruses assigned to
genotype I. Within genotype I, a clade sampled from 1990–2002
coexists with, and eventually replaces, a clade sampled from
1980–1992. Strikingly, the extinction of the 1980–1992 clade and
the rise of the 1990–2002 clade exactly coincides with a decline
in prevalence of DENV-1 and an increase in prevalence of
DENV-4 (27). All of these data come from the same population.
If extinction simply correlated with the end of the epidemic cycle,
then we would expect a loss of genetic diversity across the
DENV-1 phylogeny as a whole. However, we observe that only
specific clades suffer extinction, with those surviving experienc-
ing no loss of diversity. This pattern strongly suggests that a
selective process, such as immunological cross-reaction, rather
than a general reduction in serotype prevalence is responsible for
the clade extinction events. Further, the surviving 1990–2002
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Fig. 1. Monthly confirmed cases of each dengue serotype at Queen Sirikit
National Institute of Child Health, Bangkok 1980 to 2000. (a) Incidence of each
serotype after adjusting as if the serotype was isolated in 100% of cases every
month. (b) Adjusted data after removing the seasonal effect and smoothing.
Red, DENV-1; blue, DENV-2; green, DENV-3; black, DENV-4.
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Fig. 2. Phylogenetic relationships of dengue virus in Bangkok, Thailand,
sampled from 1973–2001. All four DENV serotypes are shown. Major geno-
types and clades within genotypes are indicated, as are the range of sampling
times within in each group. The phylogenetic events in DENV-1, DENV-2, and
DENV-3 that coincide with the changing prevalence of DENV-4, particularly
clade turnover, are indicated by arrows. All horizontal branch lengths are
drawn to scale.
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clade is more genetically distinct from DENV-4 than the 1980–
1992 clade, which suffered extinction (27). Similarly, in DENV-2,
viruses assigned to genotype IV are sampled only in Bangkok
from 1982–1990, with all later viruses assigned to genotype I
(28). Again, the extinction of genotype IV of DENV-2 coincides
with the beginning of a decline in the frequency of this serotype
and an increase in the prevalence of DENV-4. Although there
are no such dramatic events in DENV-3, a phylogenetic shift
occurred in 1991, corresponding to a long branch at the center
of the tree, and again corresponding to a trough in the prevalence
of DENV-3. Finally, three genotypes of DENV-4 were observed
in the Bangkok data, all of which were present during 2000, with
one first sampled in 1997 and another represented by only a
single isolate. Although it is not yet possible to determine the
precise mechanistic basis of these episodes of clade extinction
and replacement, all involve amino acid changes in the E
(envelope) gene, the major viral antigen, again supporting the
view that they involve immunological cross-reaction between
DENV-4 and the other serotypes.

Epidemic Model. The epidemiological data with its distinctive phase
pattern indicates that some kind of interaction is causing DENV-4
epidemics to be out of phase with those of the other serotypes,
particularly DENV-1. The phylogenetic data further suggest that
there is a clade-specific immunological reaction between DENV-4
and DENV-1. To ascertain whether, and how, these observations
are connected, it is necessary to determine how interactions among
viral serotypes cocirculating within the same population may be
mediated by complex patterns of cross-reaction. In particular, we
need to understand how different degrees of immune reaction
between serotypes affect the phase pattern of epidemics. To study
this effect, we used a mathematical model. This model is based on
a standard susceptible–infected–recovered formulation (29) forced
with an annually periodic transmission rate �� � �(1 � �cos(2� t)),
representing seasonal fluctuations in the vector population and
extended to represent two pathogen serotypes interacting by im-
mune cross-reaction (30, 31). This cross-reaction is encapsulated by
a single parameter �, which modifies the probability of secondary
infection. Values of � between 0 and 1 represent cross-protection
with � � 0 giving complete protection against secondary infection
and � � 1 no protection. Values of � � 1 represent increasingly
strong cross-enhancement. The model is parsimonious, containing
just five parameters (see Methods for full details). Of these param-
eters, host life expectancy and the duration of infection are well
established for dengue. The base transmission rate can be deter-
mined only indirectly from estimates of the basic reproductive
number R0, whereas the degree of seasonal fluctuation is difficult
to measure empirically. However, the main results that we will
present hold when these parameters take a range of values. Thus,
cross-reaction is the only parameter considered as free, and exam-
ining the behavior of the model as this is changed is our key
objective.

Deterministic Model Behavior. It has been shown that the season-
ally forced susceptible–infected–recovered model may display a
range of behavior depending on both the strength of the
seasonality (� in our model) and, in the two serotype model, the
degree of cross-reaction between the serotypes (31, 32). In
addition to solutions oscillating with the same frequency as the
forcing (in our case annually), regular lower frequency solutions
may occur as the result of subharmonic resonance (33–35). An
idea of the resonance periods likely to be observed can be
constructed by calculating the ‘‘natural’’ or ‘‘intrinsic’’ period
(36, 37) from the eigenvalues of the linearized system (31). For
the two-serotype system, there are two natural periods. One is
independent of the degree of cross-reaction � and corresponds
to the in-phase mode. The other is strongly dependent on the
degree of cross-reaction and corresponds to the out-of-phase

mode. Fig. 3 shows how the two natural periods for our system
vary with the base transmission rate �. This guide is not definitive
to the resonance states we might expect because the actual
dynamics result from a complex interaction of the two natural
periods. Nevertheless, it shows that as � increases, the period of
in-phase oscillations increases and the degree of cross-immunity
at which out-of-phase period 10 oscillations occur becomes
weaker and weaker, eventually switching to cross-enhancement.
Based on the data, we are interested in solutions with a relatively
long epidemic period, and to excite resonance solutions with a
period many times higher than the forcing period, the amplitude
of the seasonal oscillation � must be large. However, such large
fluctuations also tend to have a destabilizing effect on the
system, leading to irregular solutions wildly oscillating with no
discernible pattern. As a result of this instability, solving the
system for a large set of randomly generated initial conditions
failed to reveal any resonance solutions with periods comparable
with those observed in the data. A deterministic seasonally
forced resonating susceptible–infected–recovered model cannot
therefore explain the distinctive pattern of dengue epidemics.

Stochastic Model. Oscillations at the natural period of the system,
however, may persist if random perturbations repeatedly disrupt
convergence to a lower period equilibrium state. Because the
vector population, among other epidemiological parameters, is
likely to be sensitive to variations in environmental conditions,
stochasticity was introduced to the model by random variation in
the magnitude of the transmission rate fluctuations (�). Numer-
ical solutions of this stochastic version of the model for different
degrees of cross-reaction produce three distinct patterns. In
general, for strong or weak cross-immunity, the two serotypes
are always perfectly in-phase as shown in Fig. 4a. The period is
approximately as predicted by the in-phase mode eigenvalue
described above. For intermediate cross-immunity, there is
generally an out-of-phase pattern as shown in Fig. 4b, with
the period of each serotype approximately as predicted by the
out-of-phase mode eigenvalue for � � 0.5. Because of the
stochasticity in the system, some switching may occur between
this state and the in-phase state, particularly at the edges of the
parameter region for which it occurs. For cross-enhancement,
some solutions show the two serotypes perfectly in-phase, but
most solutions have a quite different structure as shown in Fig.
4c. This solution is characterized by very sharp epidemic spikes
interspersed by long intervals of extremely low incidence and no
discernable epidemic period or phase structure. This behavior is

0.0 0.5 1.0 1.5 2.0

0
3

5
2

0
2

5
1

0
1

cross-reaction σ

)sr
a

ey( 
d

oir
e

p

β = 170
β = 120

β = 70

5
0

Fig. 3. Natural periods, depending on the degree of cross-reaction �,
calculated from eigenvalues of the unforced, linearized deterministic system.
Solid lines correspond to solutions with an in-phase pattern; dashed lines to
solutions with an out-of-phase pattern. Three values of � are shown: � � 170
(pale gray), � � 120 (black), and � � 70 (dark gray). Other parameter values are
� � 52 and � � 1�60.
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likely to be related to the complex periodicity and chaotic
oscillations that enhancement has been shown to generate in the
unforced deterministic system (8, 9) but exacerbated by the
inherent oscillations introduced by the sinusoidal transmission
rate. Repeated switching between this state and the in-phase
state was not observed. Of these three solutions states, only the
smooth, relatively regular out-of-phase state shown in Fig. 4b
resembles the pattern observed in the data. This result indicates

that cross-immunity can account for the phase structure ob-
served between DENV-1 and DENV-4, but only if it is of
moderate intensity.

The occurrence of these three different patterns is robust to
the value of the base transmission rate �. Twenty separate runs
of the model were made at each point of a parameter space with
� ranging from 0 to 2 and � from 70 to 170. These � values
correspond to basic reproductive numbers R0 of 1.3 to 3.3, which
are at the lower end of empirical estimates for dengue (from 1.3
to 7.7; refs. 38 and 39), but higher values lead to rather short
natural periods. Fig. 5a shows the mean value of the cross-
correlation function at lag 0 for all of the runs. At � � 0.5, there
is a well defined band of negative cross-correlation indicative of
the out-of-phase pattern. For other values of � � 1, cross-
correlation is high, indicating that most solutions are in-phase.
When � � 1, intermediate cross-correlation suggests either a
mixture of patterns or no pattern at all. Fig. 5b shows the mean
period of the solutions. For the in-phase region, the period is
approximately as predicted by the in-phase mode eigenvalue.
For the out-of-phase region, the period is always longer and
approximately corresponds to the value predicted by the out-
of-phase mode eigenvalue for � � 0.5. In the mixed region, the
period is very high, suggesting that the majority of solutions are
irregular. Fig. 5c shows the mean epidemic size. This component
shows little variation except in the region of mixed patterns
where it is very large, again indicating that the majority of these
solutions are irregular.

Values for the magnitude of seasonal variation in transmission
between 0.4 and 1.2 also produce similar results to the base value
of 0.1 used throughout this paper. As � becomes smaller, the
no-pattern state begins at higher values of �, and the out-of-
phase state spans a narrower range of � values. For � � 0.4, only
the in-phase solution occurs. As � becomes larger, the no-pattern
state begins at lower values of � and, for � � 1.2, the large
oscillations are so destabilizing that only the no-pattern state
occurs. In general, the type of solutions that occur depend in a
complex way on � and �. However, the relationship between the
solution pattern and cross-immunity described here is relatively
robust and occurs in a similar way across a range of values for the
transmission parameters.

Discussion
We have presented a phylogenetic analysis revealing that
DENV-4 has an immunological cross-reaction with DENV-1
and, possibly, other serotypes, with the resultant selection pres-
sure leading to clade extinctions and replacements. We also have
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examined the possible influence of such an immune interaction
by using a parsimonious mathematical model with seasonal
forcing and environmental stochasticity. This model demon-
strated that the immune interaction must be moderately cross-
protective to produce the distinctive out-of-phase pattern ob-
served in the epidemiological data. Although it has been
suggested that there is either weak cross-protection or cross-
enhancement in dengue, in our model, neither of these lead to
the characteristic out-of-phase pattern that we observe between
DENV-1 and -4. That DENV-1, -2, and -3 are approximately
in-phase suggests that the immune reaction between them may
be weakly cross-protective or enhancing. In theory, strong
cross-protection also would cause these three serotypes to be
in-phase, although significant secondary infection rates indicate
that it is unlikely. However, the time series is relatively short, and
only the out-of-phase pattern between DENV-1 and DENV-4 is
clear. As more data become available, this situation may change,
and it will be possible to examine the epidemic patterns of the
other serotypes in more detail. A further implication of the
model is that cross-reaction influences the epidemic period by
adjusting the phase structure. For instance, when the out-of-
phase solution generates epidemics of each serotype approxi-
mately every 10 years, an epidemic of one strain or the other
occurs every 5 years. However, the associated in-phase solution
would generate coincident epidemics of both strains every 6
years. At present, more than three-quarters of infections in
Bangkok are caused by serotypes 1, 2, and 3, with epidemics
every 10 years. If DENV-4 is indeed responsible for this epi-
demic pattern, then changes in its immune interaction with the
other serotypes could result in reversion to an in-phase pattern
with epidemics of all four serotypes occurring more frequently.
Such changes could arise, for instance, if medical intervention
modifies the immune structure of the host population or the
selection pressure noted from the phylogenetic analysis leads to
sufficient accumulation of antigenic differences.

Throughout the modeling work, we have assumed that the
serotypes are identical because there is no consistent data on
epidemiological differences between DENV serotypes. We also
have modified our original model to include such differences but
found no evidence that they could account for the observed
patterns in the absence of immune cross-reactions. There are
many other possible extensions to be considered in future work,
particularly if new data become available to inform the devel-
opment and parameterization of a more detailed model. Based
on the observation that antibody-dependent enhancement may
depend on antibody titer, it would be interesting to investigate a
model in which the cross-reaction changes with time from
enhancement to weakening protection. A model with more than
two interacting serotypes also is likely to be interesting, although
the difficulty of interpretation and the absence of a clear method
for determining the immune response to a tertiary challenge may
be significant problems.

The phylogenetic analysis presented here suggests that there
is an interserotypic immune reaction and immune selection for
strains or clades within each serotype. Our model suggests that
this immune reaction could be responsible for the epidemic
pattern, although we cannot determine whether the epidemic
pattern also is responsible for immune selection. The basic
reproductive number of a serotype is increased by weaker
cross-immunity, or stronger cross-enhancement, with a different
serotype. Simple numerical experiments with our model con-
firmed that introducing a mutant strain of one of the serotypes
with a preferential immune response always leads to the extinc-
tion of the other strain. Because changes in the immune com-
position of the host population also are governed by the epidemic
cycle, it seems likely that mutant strains arising at certain points
of the cycle are more likely to be subject to immune selection
than those arising at other points. Experiments with our model

did not reveal any correlation between the time to extinction and
the phase structure of the epidemic cycle or the point of the cycle
at which the mutant strain was introduced. However, to test the
link between the epidemiological dynamics and the phylogeny in
detail will require a large-scale individual-based model such as
that previously used to construct model phylogenies for influ-
enza (40).

Even if the epidemic cycle does not directly influence immune
selection, our analysis reveals that the interserotypic immune
reaction and epidemic cycle are closely interwoven. If the
interserotypic cross-immunity we propose can be confirmed,
both in Bangkok and more generally, it would have important
implications for management of dengue. Furthermore, cross-
immunity also may be influencing the epidemic phase structure
of other diseases. Respiratory syncitial virus occurs as two main
subtypes, A and B, and has seasonal oscillations in infection
incidence. Data from Finland show a two-year epidemic cycle
composed of out-of-phase four-year epidemic cycles of each
subtype (41). The theory presented here suggests that these two
subtypes are interacting via moderate strength cross-immunity.
As more data become available, similar patterns may be revealed
for other pathogens, and it may be possible to connect radical
changes in their epidemiology to changes in the intensity of
immune reactions or the composition of serotypes.

Methods
Time-Series Analysis. The data were monthly records of patients
diagnosed with dengue in the Queen Sirikit National Institute of
Child Health, Bangkok, previously published in annual form
(13). As given, these data are biased because each month, the
serotype was determined for between 0% and 90% of cases and,
because of improved technology, there has been a steady in-
crease in the number of isolations since 1990. To account for this
bias, the data were scaled to represent 100% sampling each
month. The years 1977–1979 were omitted because there were
too many months with incomplete records. Values for the few
other months in which the serotype was identified for zero cases
were assigned by linear interpolation. A LOESS smoother was
then applied to remove the seasonality and smooth the data. The
cross-correlation functions for each serotype pair of the
smoothed data were then calculated by using R.

Evolutionary Analysis. We collected E (envelope) gene sequence
data for all virus serotypes circulating in Bangkok, Thailand, during
the period 1973–2002 (27, 28, 42). Each sequence was taken from
a patient admitted to Queen Sirikit National Institute of Child
Health. This resulted in data sets of the following size: DENV-1 (61
sequences, 1,485 bp), DENV-2 (79 sequences, 1,485 bp), DENV-3
(66 sequences, 1,479 bp), DENV-4 (53 sequences, 1,485 bp).
Sequence alignment was undertaken manually. Maximum likeli-
hood phylogenetic trees were then estimated for all three data sets.
In all cases, we used the most general GTR�I��4 model of
nucleotide substitution available in the PAUP* package (43) and
undertook successive rounds of branch swapping.

Mathematical Model. Fundamentally, the two serotype susceptible–
infected–recovered model is composed of nine compartments
covering all possible infection states of an individual in the host
population. However, some compartments can be combined to
reduce the system to five compartments dividing the population
into those susceptible to primary infection by either serotype (x),
susceptible to secondary infection by each serotype (z1, z2) and
infected by each serotype (y1, y2) (31). This simplification results
in some of the compartments overlapping (see supporting in-
formation, which is published on the PNAS web site, for more
details). The two serotypes interact through a cross-reaction
parameter (0 � � � 2) acting on susceptibility. After being
infected by one serotype, the probability of being infected by the
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other serotype is decreased by cross-immunity (0 � � � 1 with
� � 0 being complete protection and � � 1 being no protection)
or increased by cross-enhancement (� � 1 with higher values of
� causing greater enhancement). The transmission rate ��(t)
varies annually according to a cosine function ��(t) � �(1 �
�cos(2� t)), where � is the base transmission rate and � specifies
the magnitude of seasonal variation. For the deterministic
model, � is fixed. For the stochastic model, it is randomly
varied by up to �25% every 6 months by using uniformly
distributed random numbers. The average duration of infection�
infectiousness is given by �. The population is assumed to be well
mixed and have a constant size with the birth and death rates
both equal to �.

Thus, the system is described by the five ordinary differential
equations:

dx
dt

� � 	 ��xy1 	 ��xy2 	 �x [1]

dy1

dt
� ��	x 
 � z1
y1 	 	� 
 �
y1 [2]

dy2

dt
� ��	x 
 � z2
y2 	 	� 
 �
y2 [3]

dz1

dt
� ��xy2 	 ���z1 y1 	 �z1 [4]

dz2

dt
� ��xy1 	 ���z2 y2 	 �z2. [5]
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